We deal with the exact determination of eigenfrequencies of a beam with intermediate elastic constraints and generally restrained ends. It is the purpose of this paper to use the calculus of variations to obtain the equations of motion and the natural boundary conditions, and particularly those at the intermediate constraints. Numerical values for the first five natural frequencies are presented in a tabular form for a wide range of values of the restraint parameters. Several particular cases are presented and some of these cases have been compared with those available in the literature.
Introduction
Several investigators have studied the influence of rotational and/or translational restraints at the ends of vibrating beams [2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 14, 15, 16, 17, 18, 19, 20] . Rao and Mirza [22] have derived exact frequency and normal mode shape expressions for uniform beams with ends elastically restrained against rotation and translation. Nallim and Grossi [21] studied the dynamical behaviour of beams with complicating effects such as nonuniform cross sections, presence of an arbitrarily placed concentrated mass and an axial force, and ends elastically restrained against rotation and translation.
In contrast to the body of information described, there is only a limited amount of information for beams elastically restrained at intermediate points. Rutemberg [24] presented eigenfrequencies for a uniform cantilever beam with a rotational restraint at some position. Lau [13] translation. Arenas and Grossi [1] presented exact and approximate frequencies of a uniform beam, with one end spring-hinged and a rotational restraint in a variable position. The present paper is concerned with the general problem of free vibrations of a uniform beam with intermediate constraints and ends elastically restrained against rotation and translation.
Exact expressions for frequencies are presented. The generally restrained beam analysed includes the classical end conditions: clamped, simply supported, sliding, and free as simply particular cases. It also includes the cases with ends and/or intermediate points elastically restrained, previously analysed by other investigators and available in the literature. Some of these particular cases are discussed.
The eigenvalues have been calculated numerically by applying a bracketing method strategy to the corresponding frequency equation. Results for the first five eigenfrequencies for some typical cases are presented. A comparison with published results is included. A great number of problems were solved; and since this number of cases is prohibitively large, results are presented for only a few cases.
Variational derivation of the boundary and eigenvalue problem
We consider the uniform beam of length l, shown in Figure 2 .1, which has elastically restrained ends and is constrained at an intermediate point with variable position. It has been assumed that the ends and the intermediate points are elastically restrained against rotation and translation. The rotational restraints are characterised by the spring constants r 1 , r 2 , and r c and the translational restraints by the spring constants t 1 , t 2 , and t c . Adopting the adequate values of the parameters r i and t i , i = 1, 2, all the possible combinations of classical end conditions (i.e., clamped, pinned, sliding, and free) can be generated. On the other hand, adopting the adequate values of the parameters r c and t c , different constraints can be generated and also the case of a two-span beam.
It is the purpose of this paper to use the calculus of variations to obtain the equations of motion and the natural boundary conditions, particularly, those at the intermediate constraints.
In order to analyse the transverse planar displacements of the system under study, we suppose that the vertical position of the beam at any time t is described by the function u = u(x, t),
It is well known that at time t, the kinetic energy of the beam, the potential energy due to elastic deformation of the beam, and the springs are given by (see [7, 25] )
where ρ is the mass per unit length, A the cross-sectional area, and EI the flexural rigidity of the beam. Hamilton's principle requires that between times t a and t b , at which the positions are known, the motion will make the action integral F(u) = t b t a L dt on the space of admissible functions stationary, where the Lagrangian is given by L = T − U (see [26] ).
In consequence, the energy functional to be considered is given by In order to make the mathematical developments required by the application of the techniques of the calculus of variations, we assume that the domain D is the set of functions 
. In view of all these observations and since Hamilton's principle requires that between times t a and t b , the positions are known, the domain of the functional (2.2) is given by
, there exists continuity of deflection and slope at the point x = c and this generates the following conditions:
The only admissible directions v at u ∈ D are those for which u + εv ∈ D for sufficiently small ε; in consequence, in view of (2.4), v is an admissible direction at u for D if and only if v ∈ D 0 , where
Using the definition of variation of F at u in the direction v 
u(c, t)v(c, t)dt
(2.8)
Now we consider the integral 
On the other hand, in
2 )dx dt, the integrand may not be continuous at the corner point c, but since 
∂v(l, t) ∂x
(2.12)
Replacing (2.9), (2.11), and (2.12) in (2.8), we obtain
(2.13)
According to Hamilton's principle, the expression (2.13) must vanish for the function u corresponding to the actual motion of the beam. If we first suppose that both ends of the beam and the restraint at x = c are rigidly clamped, the directions v must satisfy
(2.14) Setting (2.15) to zero since v is an arbitrary smooth function satisfying conditions (2.14), the fundamental lemma of the calculus of variations can be applied, and we obtain that u must satisfy the following differential equations: 
∂v(l, t) ∂x dt
+ t b t a −t 2 u(l, t) + EI ∂ 3 u(l, t) ∂x 3 v(l, t)dt.
(2.18)
The expression (2.18) must vanish for the function u corresponding to the actual motion of the mechanical system under study, and as the 
functions v(0, t), ∂v(0, t)/∂x, v(l, t), ∂v(l, t)/∂x, v(c, t), ∂v(c, t)/∂x
(2.19)
Determination of the exact solution
Using the well-known method of separation of variables, one assumes as a solution of (2.16) the expression of the form
Similarly, for (2.17), we write
The functions u where the parameter k is given by k = ( ρA/ EIω n ) 1/2 . Substituting (3.3) in (3.1) and (3.2) and then in the boundary conditions (2.19) and in the continuity conditions (2.5), one obtains a set of eight homogeneous equations in the constants A i . Since the system is homogeneous for the existence of a nontrivial solution, the determinant of coefficients must be equal to zero. This procedure yields the frequency equation 
Analysis of particular cases
Since the analytical expression of (3.4) is extremely complex, it is not included, but since it can be used to obtain special cases by substituting limiting values of the restraint parameters R i , T i , i = 1, 2, R c , and T c , some particular analytical expressions will be included.
(i) Boundary conditions: RR-F (one end rotationally restrained and the other free,
Frequency equation:
(ii) Boundary conditions: TR-TR (both ends translationally restrained
(iii) Boundary conditions: SLIDING-ER (one end sliding and the other elastically restrained against rotation and translation,
Numerical results
The first five natural frequencies of free vibration of beams with several complicating effects were obtained by using the following strategy.
When the values of the parameters R i , T i , R c , T c , and c are given, (3.4) reduces toḠ(λ) = 0. A first approximation of the roots of this equation was determined by means of a graphical procedure. The corresponding numerical values with an accuracy of 15 digits were obtained by applying the classical bisection method and then rounded to eight decimal digits. Some of these were compared with those available in the literature. The results are presented in a tabular form in Tables 5.1 point are elastically restrained against rotation and translation (T 1 = 1, R 1 = 100, T 2 = 10, R 2 = 10, and c = 1/2).
Translationally and rotationally constrained cantilever beam

Conclusions
Exact frequency expressions for generally restrained beams with intermediate elastic constraints were derived. Numerical results for the first five natural frequencies have been presented in tabular form. Several particular cases were solved and the results obtained were compared with previously published results to demonstrate the accuracy and flexibility of the present approach. Excellent agreement was obtained between the present results and the comparison exact values.
It can also be seen, from the results presented, that both the rotational and the translational restraints at the intermediate point have a significant effect on the frequencies and that the translational restraint generally has greater influence on these frequencies than the rotational restraint.
The procedure presented has a great flexibility and excellent accuracy and constitutes an efficient tool for the rapid and inexpensive determination of natural frequencies in an important number of beam vibrating problems being, in consequence, of interest in design works.
Boundary conditions containing the function u and derivatives of u of orders not greater than m − 1 are called stable or geometric for a differential equation of order 2m, and those containing derivatives of orders higher than m − 1 are called unstable or natural [23] . Thus, if 0 ≤ r i , r c < ∞, and if 0 ≤ t i , t c < ∞, i = 1, 2, conditions (2.19) are unstable. It is well known that when using the Ritz method, we choose a sequence of functions v i which constitute a base in the space of homogeneous stable boundary conditions (see [23] ), so in this case there is no need to subject the functions v i to the natural boundary conditions (2.19) . This is a very important characteristic of the mentioned variational method in the determination of approximate solutions of the problem under study.
